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FOREWORD 


This Addendum to AMS Technical Report Number 1194 was prepared by 
the Aeroelasticity and Flight Mechanics Laboratories of the Department 
of Aerospace and Mechanical Sciences, Princeton University, Princeton, 
New Jersey under contract number NAS 2-761S with NASA-Ames Research 
Center. It was ftmded by and under the technical direction of the U. S. 
Array Air Mobility Research and Development Laboratory, Ames Directorate, 
Ames Research Center at Moffett Field, California and was monitored and 
administered by Dr. Dewey H. Hodges of that Directorate. 

The analysis and work covered in this Addendum was performed by 
Professor E. H. Dowell, Principal Investigator and Mr. Joseph J. Traybar, 
of the Research Staff of Princeton University. 

For internal control, the Aerospace and Mechanical Sciences 
Department has designed this work as AMS Technical Report Number 1257. 

It is an Addendum to the principal final technical report designated 
AMS Report Number 1194 dated January 1975. 
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ABSTRACT 


Thx*? is an Addendtmi to an experintental study oi the large 
deforr.ation of a cantilevered bean under a gravity tip load. It 
adds higher quality and new data on the static twist and bending 
deflections of the beam. The experiinental data are compared with 
a recently developed non-linear structural theory. Agreement is 
good for deflections that, are small compared to the beam span and 
have systematic deviations for larger deflections. 
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LIST OF SYMBOLS 


P 

r 

R 

V 

W 

X 


DISTANCE 

I 

X 

DISTANCE 


applied tip load, lb 

distance along span (radius or length) of blade, in 

span (radius or length) of aluminun spar blade, in 

bending deflection or beam in lag (chordwise) 
direction (body-fixed axis system), in 

bending deflection of beam in flap direction (body- 
fixed axis system), in 

bending deflection of beam in lateral (sidewise) 
direction with applied tip load (space-fixed axis 
system), in 

bending deflection reference distance in lateral 
sense and measured when P = 0, in 

bending deflection reference distance in lateral 
sense and measured P 5^ 0, in 


Z 

2 ° 

DISTANCE 


bending deflection of beam in vertical direction 
with applied tip load (space-fixed axis system), in 

bending deflection reference distance in vertical 
sense and measured when P = 0, in 


Z* bending deflection reference dista nce in vertical 

DISTANCE sense and measured when P 0, in 


e initial blade pitch angle setting, deg 

twist of blade in loaded condition, P r 0, deg 


<t> 


o 


twist of blade in unloaded condition, P = 0, deg 


? blade twist (incremental) and equal to (f) - deg 

r/R radial station along blade spar, N. D. 


iv 



INTRODUCTION 


This Addendum to AMS Technical Report Number 1194 entitled "An 
Experimental Study of the Nonlinear Stiffness of a Rotor Blade Under- 
going Flap, Lag and Twist Deformation", contains new, additional infor- 
mation and data on the section concerned with large deflections of a beam 
due to static loading at the tip. 

These additional experiments were conducted to improve the quality 
and quantity of previous data, provide new data for blade twist (as 
well as flap and lag bending deflections) and also provide data for 
distribution of bending deflections and twist at four blade spanwise 
stations (including the blade tip) * 

In Princeton University ASfS Report Number 1194 (Reference 1), an 
experimental study of the large deformation of a blade spar represented 
by a simple cantilevered beam under a gravity tip load was made. Hodges 
and Dowell have formulated a nonlinear theory of hingeless rotor blade 

dynamics (References 2 and 3) which indicates that the primary nonlinear 

\ 

effect is due to a nonlinear stiffness arising from mutual interaction 
among elastic flap, lag and twist. Reference 1 devised a simple experiment 
to measure the predicted effect and made a quantitative qomparison of the 
experimental results with the results obtained by using the theoretical 
model . 

The experiment used a rectangular cross-section, uniform aluminum 
beam under a static point load at the tip. In that previous work, measure- 
ments of the static deflections in the flapping and lagging degrees-of-free- 
dom due to various tip loads (for several initial blade pitch angle settings) 
were recorded. These were rather simple measurements based on a "mapping" 
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of the blade tip movement projected on graph paper (Figure 2.1 of 
Reference 1). Due to the inherent limited accuracy of this measure- 
ment system twist angle data points contained sufficient scatter 
that it was difficult to infer any suitable results. However, measure- 
ments of blade tip deflections under various tip loads appeared satis- 
factory. 

The intent of the work reported in this Addendum is to improve the 
quality and quantity of the static data, provide new data on blade twist 
as well as additional flap and lag bending deflection information, and 
finally to provide data for the blade spanwise distribution (at four 
selected blade spanwise stations) of bending deflections and blade 
twist for the various initial pitch angle settings and tip loads on the 
aluminum spar blade. 


- 2 - 



EXPERIMENTAL APPARATUS AND PROCEDURE 


As detailed in Reference 1 and depicted in Figure 2.1 of that work> 
a blade spar was simulated by a uniform rectangular cross-section beam 
fabricated from 707S type aluminum. Of the several beams utilized in the 
Reference 1 experiments j beam number 2 was chosen for the studies in this 
Addendum. Its dimensions are: 

Beam ^ 2 : Length (Radius) 20”, Width. 1/2”, Thickness 1/8”. 

This beam was mounted in a specially fabricated "end-fixture” that insured 
positive support and clamping. The blade end-fixture was inserted into 
a precision, ail ling -machine type, indexing-chuck that provided both a 
secure, stable sount and the accurate, ropeatabl© angular settings required 
for the experiments. This same indexing-chuck was used in Reference 1; 
however, in the experiments conducted here and reported in this Addendum, 
differ^t measur^ent setups and apparatus were used to improve accuracy 
and repeatability of th® data. In the previous work, a simple "mapping” 
of the projected end points of the beam was traced on graph paper as th© 
loads wore applied. Tho two coordlnstss of the static deflection were 
si^ly sssasured with a scale, recorded sad plotted. 

In this series of experiments, a different experimental procedure 
was implemented. The indexing-chuck was used as in Reference 1 but this 
tiao it was setup using a ”fiat-table". The chuck was bolted down and 
shimed accordingly so that its axis of rotation, the pitch axis, (coaxial 
vdth the centroid or elastic axis of a straight, weightless beam) was 
precisely parallel to the flat-table surface. The 20 inch aluminum beam 
was clamped into the indexing cliack. A survey of the beam (through 360® 
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of pitch rotation and deflected only by its own weight) using a dial- 
typo caliper measuring scale Ccapable of measuring to three or four 
decimal places) mounted on the flat surface revealed an essentially 
"straight” beam. Only a very small curvature was noted near the tip 
end was probably caused by internal stresses due to machining. There- 
fore, the combination of the precision indexing-chuck, the flat-table, and 
the caliper scale provided an increased accuracy (compared to the 
previous method of mapping) in measuring the Z coordinate (vertical 
mov«nent) of static deflection when the various tip weights were 
^plisd. 

For the lateral or X coordinate (sidevdse movement) of static de- 
flection, a grid was affixed to the flat-table and lateral movement of 
the beam reference points was "tracked" with, a flat-table fixture that 
provided isi accurate vertical projection to the grid on the flat-table. 
Using this technique, the sidewise Eovement of the various beam reference 
l^ints were accurately "traced" as each different tip weight was applied, 

the X coordinate was measured with a scale placed on the grid and 
t^e„ lateral deflection for each case was recorded. 

ITiQ, previous problems associated with moving the graph paper measuring 
plane, (due to beam foreshortening) with each applied load (as was necessary 
pa._ the earlier experiments) were entirely circumvented using the new 
procedures. _ 

^thcxi^ tjiere is no doubt that the increase in measuring accuracy of 
the. Z. deflection was improved substantially from ±.I'to ±.001" over the 
old method, it is roasonabXe to assume that the measuring accuracy of the 

f 

X deflection was improved to a lesser degree f«a ±,1" to ±.01" over the 
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old system. Nevertheless, it appears that the measuring repeatability 
and increased accuracy does provide usable data that permits one to infer 
blade twist angles not only at the tip but at several stations along the 
span of the blade. It is admitted that the determination of blade twist 
angle, because of the small incremental angles involved, is an exceedingly 
difficult measurement to acquire unless one utilizes certain expensive, 
sophisticated electronic amplification techniques or reflecting mirror 
light/beam devices and procedures. Since use of the above mentioned 
equipment was beyond the scope of this present work, some attempt was 
made to improve the twist angle measurement data in this study by 
attaching lightweight reference rods at each of the four selected span- 
wise stations (Figure 3S). This improved the reference points on the 
beam and aided the measurments of twist angle data at the spanwise 
stations. These lightweight reference rods were quite stiff and were 
made from S/32" diameter, thin wail (0.012"), aluminum tubing. Sharpened 
end points were inserted into ends of the tubes in order to provide 
an accurate reference point. The exact length of the rods was 6.000" 

’ ± 0.001" and each weighed about 1.6 grams. They were attached to the 
sides of the beam by epoxy and were located at each spairwise station 
including the blade tip. 

Tha notation, axis syst^s, geometry and radial station locations 
are shown in Figures 1, 2 and 3. The initial blade pitch angle setting 
6, was pre-set and locked and known calibrated weights were applied at 
the blade tip. The static deflections X and Z, (measured in a space- 
fixed-axis system, always parallel and perpendicular to the fiat-table 
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stirface) were determined at each station. The Z deflection measurenents 
were made using the points at the ends of reference rods. With the aid 
of magnifying eye glasses and the dial caliper scales^, the vortical dis- 
placement or height of both ends of the reference rods above the flat 
surface was carefully measured and the Z movement of the elastic axis 
points with applied load were calculated accordingly. 

The X deflection measurements were made by tracing the movement 
of the reference rod tips on the graph paper on the flat surface (by 
dropping perpendiculars to that surface). The X movement of the 
elastic axis points were then calculated. The X and Z deflection dzte 
as well as V and W data Ctransformed from the X-Z space-fixed axes to 
the V-W body-fixed axes) are shown in Table I for all stations and 
weights applied. The initial blade pitch angle setting, 0, was varied 
from 0® to ± 90® using ±15® increments. Some data are shown for 6 = 
180®. Positive and negative pitch angle settings were utilized to 
assess data repeatability and syissotry. The blade twist angle, 

(the measured incr^ental twist of the beam at each pitch angle, 6) 
is that caused by the addition of a tip load (with the initial condition 
that the aeasursd angle of- the blade when the load P is zero pounds — 
defines the initial twist of the blade as zero degrees for that pitch 
angle). Therefore, when the loads are applied, the blade twist angle 
values listed in the Table are the incremental angles to those measured 
when no loads were applied, P s* 0 lb. 

Because of the knovm length of the reference rods and the measured 
X-Z deflection data, the twist angle, may be calculated to different 
accuracies by either the arc tan or arc cos depending on initial pitch 
angle. The results of both calculations are shown in the Table. The 
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information listed in the Table is presented graphically in the included 
Figures, 

The formulae used to calculate V, W, ^ are 
V « Z cos e - X sin e 
W * Z sin 6 X cos 6 
^ when P = 0 lb) 

lAars 

X° 

4>q - arc tan ^DISTANCE C? “ 0 lb) 

^DISTANCE 

or 

z° 

« arc cos DISTANCE (P = 0 lb) 

6,0 


and 


^ = arc 


tan Distance 

^DISTAI^E 


or 


^ a arc cos DISTANCE 

6.0 


i? ft 0 lb) 


(P 5^ 0 lb) 


See Figure 3C for illustration of above quantities. 
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EXPERIMENTAL RESULTS AND COMPARISON WITH IHEORY 


Measurements of flap and lag bending deflection at the beam Cf^ree 
end) tip> W^jp and V^jp, as well as twist, been obtained for 

0 51 0 -»■ so and for P = 0 to 4 pounds maximum, ^ is the angle determined 
by the projection of the elastic axis and loading edge of the cross- 
section at the beam tip on a plane perpendicular to the undeformed cross- 
section. Intermediate values of W, V and ^ along the beam span were also 
obtained. These data are presented in Figures 4-10 along with their 
theoretical counterparts where available. 

The most sensitive indicator of the difference between the linear 
and nonlinear theoretical models is the twist as it is identically zero 
in the linear model. All theoretical results discussed below are for the 
nonlinear theoretical model. In Figs. 5-3, 6-3, 7-3, 8-3, 9-3, results 
for static tip twist are pr wen ted for various loading angles, &, as a 
function of the magnitude of the load, P, For 9 » 0® and 90*^ theory 
predicts no twist and, within the accuracy of the experimental measure- 
ment, there was none. T here is_ reasonable agreement for any 8 and 
sufficiently small P ( and hence ^ As 6 increases, the rang© of P 
for which there is reasonable agreement becomes smaller. This is 
thought to be associated with the larger static flapwise deflections 
(for a given P) as 6 -*• 90°. In the Hodgas-Dowell theory, terms of the 
order of the square of the flap deflection, W, divided by beam radius, R, 
are neglected with respect to unity (Reference 1). 

A cross-plot of the data in terms of ^ versus 6 for various P is 
given in Figure 11. In Figures 12 and 13, the flap and lag tip deflections 
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are plotted in the sane format. As mentioned above, for large P, say P 
> 3, and 9 90 ^, the flap deflections are such that CV/R)^ is no longer 

negligible compared to unity. Wnere the theoretical curves axe terminated 
the theoretical solution procedure failed to converge or there was a 
change in sign of ^ or indicating a jump from one equilibrium con- 
figuration to another. Again these are associated with large (W/R)^ and 
the theoretical results under such conditions cannot be regarded as 
reliable. Multi-mode calculations were carried out using the method described 
in Reference 3 to insure numerical convergence. 

It is particularly interesting that both theory and experiment show 
that V^jp increases for small 0 at P = 3^, (see Figure 13). Such detailed 
agreement with respect to an unexpected result is a pleasant surprise. 

The theoretical results described in this report were obtained by 


Dr, Dewey H. Bodges. 
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FIGURE 3C END VIEW SHOWING TYPICAL MEASURED QUANTITIES AND NOTATION 
AT BLADE TIP. 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 6 = o° 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting; 8 = + 15° 


Blade Elastic Axis Deflection 


Space-Fixed Axes 


X, inches t Z, inches 


0.0 

0.0 

0.0 

0.0 

0.71 

0.46 

0.21 

0.09 

1.50 

0.95 

0.45 

0.18 

^24 

1.42 
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0.27 

3.13 

1.93 

0.95 
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0.0 

0.0 

0.0 
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0.250 

0.076 

1.2S9 
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0.113 
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1.102 

0.546 
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Body-Fixed Axes 


Wj, inches I V, inches 


0.0 

0.0 

0.0 

0.0 
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0.503 

0,236 

0.097 

1.660 

1.052 

0.499 

0.193 

2.489 

1.570 

0.763 

0.290 

3.477 

2.149 

1.058 

0.338 





0.014 

0.400 

0.259 

0.125 

0.027 

0.636 

0.401 
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0,039 
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0.066 


Blade Twist Angle 


use arc-tan 
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use arc-cos 
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3.4477 

1 2.4734 

2.2562 
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Large Deflection Loading Tests on Aluminum Seam 
Initial Blade Pitch Angle Setting: 0 = - 15° 
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5.9900 

5.5956 

3.9780 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 0 = » 30° 
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Large Deflection Loading Tests on Aluminum Bcajn 
Initial Blade Pitch Angle Setting: 0 = + 45° 






Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Sotting: 6 = - 4S° 
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I Large Deflection' Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 0 = + 60° 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 0 = _ 
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Large Deflection Loading Tests on Aluminum Beam 
initial Blade Pitch Angle Setting: 0 = + 75° 
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Blade Elastic Axis Deflection 


Space-Fixed Axes 


inches } Z, inches 


1.454 

0.927 


0.132 

2.846 

1.817 

0.901 

0.2S7 

4.190 

2.668 

1.340 

0.382 


Body-Fixed 


W, inches 


1.495 

0.954 


0.130 

2.932 

1.876 

0.922 

0.261 

4.313 

2.750 

1.375 

0.384 


0.038 

0.017 


0.024 

0.050 

0.016 

0.040 

0.018 

0.089 

0.043 

0.042 

0.040 


Blade Twist Angle 


use arc- tan f use arc- cos 


-0.0005 

0.0495 

-0.0092 

0.0460 

0.2586 

0.1171 

0.2213 

0.2180 

0.5293 

0.5076 

0.4430 

0.3287 


0.0791 

0.000 

-0.0098 

0.0494 

0.35S7 

0.1778 

0.2372 

0.2075 

0.5925 

0.4641 

0.4741 

0.3260 

















Large Defiection Loading Tests on Aluminum Beam 
Initial Blade Pitcli Angle Setting: 9 = - 75° 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 0 = + 90° 
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Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting: 0 = - 90° 












Large Deflection Loading Tests on Aluminum Beam 
Initial Blade Pitch Angle Setting; 6 = 180° 




















